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ABSTRACT 

We d e r i v e  t h e  c o v a r i a n c e  f u n c t i o n  of e l e v a t i o n s  on 

a p l a n e  p l a n e t a r y  s u r f a c e  which has been  e x c a v a t e d  by p r imary  

m e t e o r i t i c  impact  c r a t e r s ,  a c c o r d i n g  t o  v a r i o u s  models o f  

c r a t e r  s i z e  and shape ,  and an assumed i n v e r s e  power law meteo r  

mass d i s t r i b u t i o n .  A t  d i s t a n c e s  l e s s  t h a n  t h e  d i a m e t e r  o f  t h e  

smallest c r a t e r ,  t h e  s h a p e  o f  t h e  c o v a r i a n c e  f u n c t i o n  r e f l e c t s  

c r a t e r  geometry r a the r  t h a n  me teo r  mass d i s t r i b u t i o n ,  b e i n g  

l i n e a r  f o r  c y l i n d r i c a l  c r a t e r s  and p a r a b o l i c  f o r  p a r a b o l o i d a l  

c r a t e r s .  A t  s m a l l  and moderate  d i s t a n c e s  t h e  c o v a r i a n c e  

f u n c t i o n  has rough ly  t h e  form s u g g e s t e d  by  Chernov. The d e r i v e d  

f u n c t i o n s  can  b e  used i n  s t u d i e s  r e q u i r i n g  s t a t i s t i c a l  cha r -  

a c t e r i z a t i o n  of l u n a r  s u r f a c e  r o u g h n e s s ,  such  as m o b i l i t y  o f  

l u n a r  r o v i n g  v e h i c l e s  or i n t e r p r e t a t i o n  o f  radar power r e t u r n s .  
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C O V A R I A N C E  FUNCTION OF ELEVATIONS 
ON A CRATERED PLANETARY SURFACE 

PART I 

CdATER BOWL C O N T R I B U T I O N  

1 . 0  I N T R Q D U C T I O M  

I n  d i s c u s s i n g  t h e  e l e v a t i o n s  o f  an  unknown s u r f a c e ,  
i t  i s  o f t e n  conven ien t  t o  t rea t  these  e l e v a t i o n s  as a sample 
r e a l i z a t i o n  o f  a s u r f a c e  g e n e r a t e d  by  a random p r o c e s s .  I f  
t h e  random p r o c e s s  i s  a g a u s s i a n  p r o c e s s ,  or d e r i v e d  from a 
g a u s s i a n  p r o c e s s ,  t h e  s t a t i s t i c a l  s t r u c t u r e  o f  t h e  p r o c e s s  i s  
de te rmined  comple t e ly  by  i t s  c o v a r i a n c e  f u n c t i o n .  Le t  t h e  
e l e v a t i o n  of  t h e  s u r f a c e  a t  a p o i n t  R b e  deno ted  by Z(R), and 
l e t  E{ 1 d e n o t e  ma themat i ca l  e x p e c t a t i o n  ( a v e r a g e  o v e r - a l l  
p o s s i b l e  r e a l i z a t i o n s ) .  The c o v a r i a n c e  f u n c t i o n  e ,  of e l e v a -  
t i o n s  at  R and R+r i s  t h e n  d e f i n e d  by  t h e  f u n c t i o n  - -  

If t h e  s u r f a c e  i s  s t a t i o n a r y  (homogeneous) and i s o t r o p i c ,  t h i s  
f u n c t i o n  i s  t h e  same f o r  a n y  p o i n t s  s e p a r a t e d  by  a d i s t a n c e  
r = ( l e n g t h  o f  F ) ,  t h u s  c = c ( r )  i s  a f u n c t i o n  of  t h e  d i s t a n c e  
r o n l y ,  n o t  of  R or o f  t h e  d i r e c t i o n  i n  which F i s  measured.  
We assume t h e  homogeneity o f  i s o t r o p y  o f  t h e  Z ( R )  p r o c e s s  from 
now on .  

Two s i g n i f i c a n t  uses  o f  t h e  c o v a r i a n c e  f u n c t i o n  have 
a l r e a d y  been e x p l o r e d .  The mean s q u a r e  ampl i tude  of  t h e  power 
r e f l e c t e d  by a p l a n e t a r y  s u r f a c e  from a r a d i o  or radar s i g n a l  
can  b e  e a s i l y  r e l a t ed  t o  t h e  c o v a r i a n c e  f u n c t i o n  o f  t h e  p ro -  
c e s s ,  if t h e  p r o c e s s  i s  g a u s s i a n ,  or d e r i v e d  from a g a u s s i a n  
p r o c e s s  by c e n s o r i n g  ( s e e ,  e . g . ,  Beckmann and S p i z z i c h i n o  (1963)  
or Marcus ( 1 9 6 7 a ) ) .  I n  t h i s  a p p l i c a t i o n ,  i t  i s  sometimes s u f f i -  
c i e n t  t o  use  on ly  a s i n g l e  number d e r i v e d  from c ( r ) ,  t h e  

2 2 2 mean s q u a r e  s l o p e  = q = -d c ( r ) / d r  1, = 
3 (2) 

assuming c ( r )  i s  i n  f a c t  twice  d i f f e r e n t i a b l e  a t  r = 0 .  
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A second a p p l i c a t i o n  has been  mentioned by  Jaeger  and 
S c h u r i n g  (1966), who a l s o  e s t i m a t e d  c ( r )  d i r e c t l y  from Ranger 7 
pho tographs  o f  P a x  Cogniturn. I f  a l u n a r  v e h i c l e  responds  t o  
d i f f e r e n c e s  i n  s u r f a c e  e l e v a t i o n  as a " l i n e a r  f i l t e r ' '  o f  t h e  
e l e v a t i o n s ,  t h e n  t h e  mean squa re  a m p l i t u d e  o f  v i b r a t i o n  power 
a t  g i v e n  f r equency  ( s p a t i a l  wave number) w i s  an e a s i l y  computed 
f u n c t i o n  o f  t h e  s p e c t r a l  d e n s i t y  

and 2 where, u s i n g  t h e  assumed i s o t r o p y ,  w = (a, t w 2 )  

r = (x: + x;)' '~. The  f u n c t i o n  c ( r )  i s  needed h e r e  t o o .  

The on ly  a t t e m p t  t o  d e r i v e  c ( r )  from f i r s t  p r i n c i p l e s  
has been  t h a t  o f  Chernov ( 1 9 6 7 ) .  S i n c e  some o f  h i s  methods 
f i g u r e  p r o m i n e n t l y  i n  o u r  own t r e a t m e n t ,  w e  w i l l  d i s c u s s  h i s  
a n a l y s i s  i n  g r e a t e r  d e t a i l .  

2 . 0  CHERNOV'S ANALYSIS 

An a t t e m p t  t o  d e r i v e  t h e  s p e c t r a l  d e n s i t y  S ( W )  ( e q u i v a -  
l e n t l y ,  i t s  i n v e r s e  F o u r i e r  t r a n s f o r m  c ( r ) )  has been made by  
Chernov (1967). He assumes t h a t  an i n i t a l l y  p l a n e  s u r f a c e  i s  
damaged by  p r i m a r y  impact  c r a t e r s ,  and t h a t  t h e  s u r f a c e  e l e v a -  
t i o n  changes r e s u l t i n g  from t h e  f o r m a t i o n  o f  c r a t e r s  - add 
l i n e a r l y .  That  i s ,  t h e  e l e v a t i o n  a t  a p o i n t  i s  t h e  sum o f  a l l  
t h e  e l e v a t i o n  changes r e s u l t i n g  from c r a t e r  f o r m a t i o n  anywhere 
on t h e  s u r f a c e  ( F i g u r e  1) .  T h i s  i s  n o t  s t r i c t l y  t r u e ,  a s  he 
p o i n t s  o u t ,  s i n c e  t h e  fo rma t ion  of  a l a r g e  c r a t e r  w i l l  d e s t r o y  
a l l  smaller  f e a t u r e s  w i t h i n  i t s  p e r i m e t e r  ( p o s s i b l y  o u t s i d e  as 
w e l l ,  as a consequence o f  t he  d e p o s i t i o n  o f  a t h i c k  l a y e r  o f  
e j e c t e d  d e b r i s  n e a r  t h e  c r a t e r  r i m ) .  A c o r r e c t i o n  f o r  t h e  loss 
o f  s m a l l  f e a t u r e s  by  o b l i t e r a t i o n  i s  t h u s  needed .  The e l e v a -  
t i o n  changes w i l l  a l s o  depend on t h e  e l e v a t i o n  o f  t h e  p o i n t  a t  
which t h e  c r a t e r - f o r m i n g  m e t e o r i t e  impac ted  on t h e  s u r f a c e ,  
which i s  i n  g e n e r a l  d i f f e r e n t  from t h e  e l e v a t i o n  a t  t h e  p o i n t  
o f  i n t e r e s t .  

Chernov a l s o  assumed some s i m i l a r i t y  p r i n c i p l e s  i n  
t h e  f o r m a t i o n  o f  c r a t e r s  which, though p o s s i b l y  j u s t i f i a b l e ,  

c r a t e r s  a r e  p r o p o r t i o n a l  t o  t h e i r  d i a m e t e r s ,  t h e  c o n s t a n t  o f  
p r o p o r t i o n a l i t y  b e i n g  t h e  same number rl = 0 . 2 .  H e  a l s o  
assumes t h a t  t h e  volume o f  t h e  c r a t e r  i s  p r o p o r t i o n a l  t o  t h e  

ar.e too resj-r;ct;v-e. Fie aSSumeS rii.st t h a t  t he  d c p t h s  zf 
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energy  of  t h e  i m p a c t .  These assumpt ions  a r e  v a l i d  f o r  small 
c r a t e r s ,  b u t  a lmos t  c e r t a i n l y  f a i l  f o r  c r a t e r s  l a r g e r  t h a n  a 
few k i l o m e t e r s  i n  d i a m e t e r  ( s e e ,  e . g . ,  Marcus ( 1 9 6 7 b )  o r  
Chabai ( 1 9 6 5 )  f o r  d e t a i l s ) .  

H e  f i n a l l y  assumes t h a t  t h e  number d e n s i t y  o f  
diameters o f  c r a t e r s  on t h e  s u r f a c e  d i r e c t l y  r e f l e c t s  t h e  
number d e n s i t y  o f  m e t e o r i t e  masses .  For t h e  m e t e o r i t e  mass 
number d e n s i t y  he  assumes an  i n v e r s e  power l a w  w i t h  i n d e x  yl, 

(number o f  me teo r s  w i t h  mass > - m )  = ( c o n s t . ) / m  y1 (4) 

( h i s  s = yltl i n  o u r  n o t a t i o n ) .  
d e p t h - d i a m e t e r  ratio o f  c r a t e r s  i s  c o n s t a n t ,  and t h a t  c r a t e r  
volume i s  p r o p o r t i o n a l  t o  t h e  k i n e t i c  energy  o f  t h e  i m p a c t i n g  
m e t e o r i t e ,  e n a b l e  h im t o  d e r i v e  t h e  one-d imens iona l  s p e c t r a l  
d e n s i t y  

The a s sumpt ions  t h a t  t h e  

where 

Y = 3Yl 

The c o n s t a n t  i s  n o t  e v a l u a t e d  n u m e r i c a l l y  i n  te rms  o f  b a s i c  
p h y s i c a l  p a r a m e t e r s .  

On t h e  o t h e r  hand ,  in t h e  one-d imens iona l  c a s e  

~ ( w )  = ( c o n s t . )  u-” for w l a r g e  

and 1 < 1-1 < 3 , p  # 2 

( 7 )  

i m p l i e s  

, 

( 8 )  c ( r )  = c ( 0 )  - ( c o n s t . )  r 1-1-l t o(r’-’) f o r  r s m a l l  

r.rhA,-.,, I n  \ = 
V V L l \ ; I  G L \ W )  2:r :  

l i m  o(x)/x = 0 .  
x+o 

r = 0 and o(x) i s  any f u n c t i o n  for which 

For  1-1 = 2 and p = 3 ,  and a l l  E > 0 ,  

c ( r )  = c ( 0 )  - o ( r  1 U--1--E 
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If i n  ( 7 )  LI > 3 ,  t h e n  i n  t h e  one-d imens iona l  c a s e  

c ( r )  = c ( 0 )  - q 2 2  r / 2  + o ( r  2 ) 

where q 2  i s  t h e  m . s .  s l o p e .  
checked a c c o r d i n g  t o  t h e  va lue  o f  

These c o n d i t i o n s  a re  e a s i l y  

I n  p r a c t i c e ,  t h e  s p e c i a l  v a l u e s  1-1 = 2 and 1-1 = 3 a r e  n o t  
d i s t i n c t i v e .  

We w i l l  f o l l o w  Chernov's  b a s i c  i dea ,  w i t h  t h e  
f o l l o w i n g  changes :  w e  w i l l  work i n  t h e  s p a t i a l  domain where 
t h e  b a s i c  p h y s i c a l  p r o c e s s e s  o c c u r ,  r a t h e r  t h a n  i n  t h e  f r e -  
quency domain. We w i l l  c o n s i d e r  t h e  e f f e c t s  o f  c r a t e r  shape  
(which he i g n o r e s ) .  We w i l l  remove some r e s t r i c t i o n s  on t h e  
cons t ancy  o f  t h e  c r a t e r  dep th -d iame te r  and impact  energy-  
volume r a t i o s .  We w i l l  t r e a t  t h e  e f f e c t  o f  t h e  d e s t r u c t i o n  
o f  small  c r a t e r s  by l a r g e r  o n e s .  The l i n e a r  s u p e r p o s i t i o n  
p r i n c i p l e  and t h e  i n v e r s e  power l a w  ( 4 )  w e  w i l l  r e t a i n .  

3 . 0  MATHEMATICAL FOUNDATIONS 

A b a s i c  ma themat i ca l  fo rma l i sm f o r  s u c h  p r o c e s s e s  
has been  d e s c r i b e d  by M a t e r n  ( 1 9 6 0 ) .  We assume t h a t  e l e v a t i o n  
changes  add l i n e a r l y ,  and t h a t  t h e  s u r f a c e  e l e v a t i o n  Z(R) a t  
p o i n t  R has a r e p r e s e n t a t i o n  

- 
- 

where dN(x,FJ+z) i s  a random v a r i a b l e ,  t h e  number o f  c r a t e r s  of  
d i a m e t e r  x t o  x+dx i n  a small r e g i o n  d ( R + r )  c e n t e r e d  on t h e  
p c i r , t  R+F, and ~ ( x , r )  i s  t h e  e l e v a t i o n  change caused  by a 
c r a t e r - o f  diameter x which i s  formed a t  a d i s t a n c e  r = ( l e n g t h  
of r) away from R .  The i n t e g r a t i o n  e x t e n d s  o v e r  a l l  v a l u e s  of  
x a6d r. 

- -  

- 
- 
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I f  c r a t e r s  a r e  formed by p r i m a r y  impac t s  o n l y ,  we 
can r e a s o n a b l y  assume t h a t  dN(x , r )  i s  a Po i s son  random v a r i a -  
b l e  w i t h  mean v a l u e  

The f u n c t i o n  <(x) i s  t h e  expec ted  number o f  c r a t e r s  o f  d i a -  
meter x, p e r  u n i t  area p e r  u n i t  d i a m e t e r  i n t e r v a l .  

The c o r r e l a t i o n  f u n c t i o n  c ( r )  i s  t h e n  r e a d i l y  
d e r i v e d  (Matern ,  1 9 6 0 ) ,  

where J2(rl ,r2 ; r )  i s  d e f i n e d  b y  

-2 

V2(rl,r2;r) i s  t h e  a r e a  i n  t h e  i n t e r s e c t i o n  o f  two c i r c l e s  of 

r a d i i  rl and r2 r e s p e c t i v e l y ,  whose c e n t e r s  are  a d i s t a n c e  r 
a p a r t .  S i n c e  

where 
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f o r  

I n  t h e  r ema inde r  o f  t h e  p a p e r  t h e  f o l l o w i n g  t r a n s -  
f o r m a t i o m  will be u s e f u l :  

1 + r 2  u = r  

1 - ' 2  v = r  

thus 

After  d e f i n i n g  t h e  b a s i c  p h y s i c a l  model f u n c t i o n s ,  we w i l l  
work o u t  some p a r t i c u l a r  c a s e s  o f  (21). 

I n  o r d e r  t o  c o r r e c t l y  compute t h e  a s y m p t o t i c  power 
s p e c t r a l  d e n s i t y  f u n c t i o n  S ( W ) ,  we must r e c o g n i z e  t h a t  w e  are  
work ing  i n  two d imens ions .  I n  t h e  i s o t r o p i c  c a s e ,  



BELLCOMM, INC. - 7 -  

where  

A A 1/2 
r i d  r = (x tx ) 1 2  

1/2 2 2  
1 2  w = ( w  + w  ) 

t h  and J ( Z )  i s  t h e  zero- o r d e r  Bessel f u n c t i o n  o f  t h e  f i r s t  k i n d  
(Matern ( 1 9 6 0 ) ,  E q .  2 . 3 . 8 ) .  Assuming a g a i n  t h a t  f o r  small  r 

0 

w e  can  d e r i v e  from ( 2 2 ) ,  i n  t h e  same way t h a t  ( 7 )  was o b t a i n e d ,  
t h a t  f o r  l a rge  w 

Note t h a t  S ( O )  s h o u l d  n o t  be confused  w i t h  t h e  r a d i a l  s p e c t r a l  
d e n s i t y  f u n c t i o n  q 2 (  w )  , d e f i n e d  by 

For v e h i c l e  t r a f f i c a b i l i t y  p u r p o s e s  w e  are  a c t u a l l y  
more i n t e r e s t e d  i n  t h e  s p e c t r a l  d e n s i t y  - -  o f  a l i n e a r  t r a v e r s e ,  
s a y  S ( W  ) ,  which co r re sponds  t o  a s t r a i g h t - l i n e  p a t h  on t h e  

s u r f a c e  p a r a l l e l  t o  t h e  x1 axis .  Thus,  i n  t h e  (w,,w,) p l a n e ,  

f i x i n g  w 

1 1  

b u t  n o t  w or w2,  1 
m 
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I f  w1 i s  l a r g e  enough t h a t  ( 2 3 )  a p p l i e s  for w > wl, t h e n  
s i m i l a r l y  E q .  ( 8 )  w i t h  l<1-1<3 i s  e q u i v a l e n t  to 

- 

1 . T n  v y c  n t h a t  i f  t h e  b e h a v i o r  o f  c ( r )  f o r  small r i s  giver ,  h,y 
Eq. ( 8 ) ,  t h e  a s y m p t o t i c  s p e c t r a l  d e n s i t y  o f  a l i n e a r  t r a v e r s e  
behaves  s i m i l a r l y  i n  t h e  one-and two-dimensional  c a s e s .  

4.0 MODEL F U N C T I O N S  

We f i rs t  d e r i v e  t h e  e x p e c t e d  number d e n s i t y  S ( x )  
c o r r e c t e d  f o r  o b l i t e r a t i o n .  Suppose t h a t  a c r a t e r  i s  a p e r -  
f e c t l y  c i r c u l a r  o b j e c t  whose f o r m a t i o n  d e s t r o y s  e v e r y t h i n g  
w i t h i n  i t s  p e r i m e t e r ,  b u t  l e a v e s  e v e r y t h i n g  o u t s i d e  i n t a c t .  
We assume t h a t  a c r a t e r  i s  d e s t r o y e d  i f ,  and on ly  i f ,  i t  i s  
comple t e ly  cove red  b y  a la rger  c r a t e r .  L e t  t h e  p r o b a b i l i t y  
d e n s i t y  f u n c t i o n  o f  t h e  d i a m e t e r  x o f  a newborn c r a t e r  be de- 
n o t e d  p ( x > ,  and l e t  t h e  cumula t ive  f l u x  (number o f  c r a t e r s  
formed p e r  u n i t  area,  o f  any s i z e  l a r g e r  t h a n  some number x o )  
be deno ted  F. Then (Marcus,  1 9 6 6 a )  

E ( x >  = - ~ ( ~ 1  (1 - e x p ( -  A ( ~ ) F ) I  (26) 1l(x)  

where 
m 

f 

P (Y)dY 
2 

X 

I n  t h e  p a r t i c u l a r  c a s e  t h a t  

i f  x > xo 

i f x < x  

p ( x >  = y x o v x  Y+l 

0 P(X> = 0 
t h e n  

so  t h a t  
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If AF < <  1 t h e n  

i f  x > xo 

If AF > >  1 t h e n  

For b o t h  a l i g h t l y  c r a t e r e d  s u r f a c e  ( A F  < <  1) and a h e a v i l y  
c r a t e r e d  s u r f a c e  (AF > >  1) we have 

f o r  x > x (29) ((X) = S C / X S + I  0 

w i t h  i n d e x  s > 2 ( l i g h t l y  c r a t e r e d )  or s = 2 ( h e a v i l y  
c r a t e r e d ) ,  and d e n s i t y  c o e f f i c i e n t  C = F xoy ( l i g h t l y  

c r a t e r e d )  or C = 

s < 2 w e  must i nvoke  i n t e r n a l  f l o o d i n g  mechanisms (Marcus,  
196613). 

( y - 1 ) ( y - 2 ) ( h e a v i l y  c r a t e r e d ) .  To o b t a i n  
Tr 

U n f o r t u n a t e l y ,  on a h e a v i l y  c r a t e r e d  s u r f a c e ,  t h e  
p r o c e s s  dN(x,R) which a l l o c a t e s  c r a t e r  c e n t e r s  d i f f e r s  some- 
w h a t  f rom a P o i s s o n  p r o c e s s ,  s i n c e  l a rge  and s m a l l  c r a t e r s  are  
n e g a t i v e l y  a s s o c i a t e d  (Marcus, 1 9 6 6 4 .  We w i l l  i g n o r e  t h i s  
d i f f i c u l t y  f o r  t h e  p r e s e n t .  

The v a l u e  of i n  t h e  i n v e r s e  power l a w  ( 2 4 )  must 
now be  e s t a b l i s h e d .  It i s  u s u a l l y  assumed t h a t  t h e  energy  E 
o f  a n  e x p l o s i v e  impac t  and t h e  diameter x o f  t h e  c r a t e r  i t  
forms a r e  r e l a t e d  by  a power. l a w  

l/Y2 
x = ( c o n s t . )  E 
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We may ;iccept y:, = 3 for very small  c r a t e r s .  Chernov’s  s i m i -  

l a r i t y  assumpt ions  i m p l y  t h i s  v a l u e ,  b u t  f o r  c r a t e r s  of a 
few me te r s  diam=ter and l a r g e r ,  a h i g h e r  v a l u e  of y i s  re- 
q u i r e d .  
f u n c t i o n  of  x w i t h  v a l u e s  i n  t h e  r ange  3 . 2  to 3 . 6 .  A s  a 
rough a v e r a g e  w e  a c c e p t  

- 

2 
Baldwin ( 1 9 6 3 )  s u g g e s t s  t h a t  y2 i s  a s lowly  v a r y i n g  

( s e e  Chabai (1965)  f o r  more d e t a i l s  on t h i s  p o i n t ) .  

Upon combining (4) and ( 3 O ) ,  and assuming t h a t  i m -  
p a c t  v e l o c i t i e s  are n o t  t o o  b road ly  d i s t r i b u t e d ,  w e  d e r i v e  an 
i n v e r s e  power law ( 2 7 )  for p ( x ) ,  w i t h  

Y = Y1Y2 3 . 4 5  

The v a l u e  x 
(Marcus,  1 9 6 7 ~ )  for d i s c u s s i o n  on t h i s  p o i n t ) .  

c o r r e s p o n d s  t o  a lower  c u t o f f  on mass mo ( s e e  
0 

It  i s  d i f f i c u l t  t o  choose  a s i n g l e  v a l u e  of  y1 f o r  
a l l  s i z e s  of  c r a t e r s ,  s i n c e  d i f f e r e n t  l u n a r  r e g i o n s  may be  
c h a r a c t e r i z e d  by bombardment f rom e s s e n t i a l l y  d i f f e r e n t  meteo- 
r i t e  p o p u l a t i o n s  (Marcus,  1 9 6 7 d ) .  F o r  premare c r a t e r s  w i t h  
x > 20 km (which may r e f l e c t  t h e  p r i m e v a l  p l a n e t e s i m a l s )  w e  may re -  
q u i r e  y % 0 . 6 2  t o  0.67, t h u s  y % 2 . 1 0  t o  2 . 2 7 .  For  pos tmare  
c r a t e r s  w i t h  x > 5 k m  w e  seem t o  r e q u i r e  y1 % 0.75 t o  0 .84 ,  
t h u s  y % 2 . 5 5  t o  2 . 8 6 .  V e r y  s m a l l  p r e s e n t  me teo r s  ( m  < 1 gm> 
seem t o  have y1 Q, 0 . 8 8  t o  1 . 1 0  (Dohnanyi ,  1 9 6 7 )  or even  
y1 = 1 .34  (Hawkins and Upton, 1 9 5 8 )  t h u s  y % 2 . 6 4  t o  4 . 0 2  

( u s i n g  y = 3 ) .  T h i s  u n c e r t a i n t y  canno t  be  r e s o l v e d .  I t  may 2 
be n e c e s s a r y  t o  make p ( x )  time dependen t ,  f o r  example w i t h  
y = y ( t )  a f u n c t i o n  of t i m e .  We w i l l  n o t  do s o  i n  t h i s  p a p e r .  

1 

To i n c l u d e  secondary c r a t e r  f o r m a t i o n  i n  t h e  model 
i s  p o s s i b l e ,  b u t  on ly  a t  t h e  expense  o f  enormous a n a l y t i c a l  
c o m p l e x i t y .  We w i l l  n o t  do s o  h e r e .  

It i s  now necessa ry  t o  d e f i n e  t h e  v e r t i c a l  r e l i e f  o f  
a c r a t e r .  I n  t h e  r ema in ing  s e c t i o n s  w e  w i l l  assume t h a t  a 

b l a n k e t .  These a t t r i b u t e s  w i l l  be  d i s c u s s e d  i n  f u t u r e  p a p e r s  
of t h i s  s e r i e s .  Two assumed c r a t e r  shapes  w i l l  be  t r e a t e d ,  cy- 
l i n d r i c a l  and p a r a b o l o i d a l .  The i n i t a l  d e p t h  o f  t h e  t r u e  
c r a t e r  bowl i s  assumed t o  be r e p r e s e n t e d  by a power law 

c r a i e r  iias n e g a t i v e  r e i i e r  c j r i i y  , i . e . ,  110 crate17 i.ir, iji~ e j e c t a  
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6 
d e p t h  of c r a t e r  bowl  = T x 0 (33) 

Chernov assumes 6 = 1 e x p l i c i t l y ;  t h i s  i s  a c c e p t a b l e  f o r  
x < 1 km b u t  i s  n o t  c o r r e c t  f o r  ve ry  l a r g e  c r a t e r s ,  which seem 
t o  r e q u i r e  6 % 0 . 4  t o  0 . 5  (Baldwin  ( 1 9 6 3 ) ,  Marcus ( 1 9 6 7 b ) ) .  
The v a l u e  o f  To a l s o  v a r i e s  s l i g h t l y  w i t h  diameter ,  p e r h a p s  
To % 0.19  to 0.20 f o r  x % 1 0  meters and To % 0 . 1 6  f o r  x % 1 km. 
T h i s  problem a l s o  r e q u i r e s  f u r t h e r  s t u d y .  

We w i l l  i g n o r e  i n t e r n a l  p r o c e s s e s  which change c r a t e r  
s h a p e  or s u r f a c e  r e l i e f ,  a l t h o u g h  t h e s e  f a c t o r s  are  c l e a r l y  o f  
some impor t ance .  

5 . 0  C Y L I N D R I C A L  C R A T E R S  

A c y l i n d r i c a l  c r a t e r  i s  d e f i n e d  by 

i f  0 < r < x/2 6 < ( x , r )  = - Tox 

<(x,r) = 0 i f  r > x/2 

When ( 3 4 )  i s  i n s e r t e d  i n t o  ( 1 4 )  we o b t a i n  

(343 

I n  o r d e r  t o  a v o i d  convergence  d i f f i c u l t i e s  w i t h  t h e  i n v e r s e  
power law ( 2 9 )  f o r  ((x), l e t  us  assume t h a t  < ( x )  i s  t r u n c a t e d  
above a t  xm: 

= o  o t h e r w i s e  

Combining ( 3 5 ) ,  ( 3 6 )  and (16), we o b t a i n  

- a r c s i n ( l / y )  
s t l  

Y 
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w i t h  the : , l ; b . s t i t u t i ~ n  y = x / r .  The l a s t  two terms of  t h e  
i n t e g r a n d  a re  T-eadily e v a l u a t e d  only when s and s - 2 6  a r e  
i n t e g e r s .  The t a b l e  o f  i n d e f i n i t e  i n t e g r a l s ,  T a b l e  1, w i l l  
h e l p  i n  t h e  e v a l u a t i o n  of  c ( r ) .  I n  Tab le  2 we g i v e  e x p l i -  
c i t l y  c ( r )  for 6 = 1, s = 2,3,4, which a r e  s k e t c h e d  i n  
F i g u r e s  2 - 4 .  

Note t h a t ,  i n  ( 3 7 ) ,  

An a n a l y s i s  of  t h e  c a s e  r + O  e n a b l e s  us  t o  compare 
o u r  r e s u l t s  w i t h  t h o s e  o f  Chernov. 
S i n c e  t h e  i n t e g r a l  i n  ( 3 7 )  e x i s t s  on t h e  domain xo / r  < y < x m / r ,  
w e  may u s e  t h e  f a c t  t ha t  f o r  s u f f i c i e n t l y  s m a l l  r ,  t h e  i n t e g r a l  
d i f f e r s  b y  an a r b i t r a r i l y  small amount from 

A s  r + O ,  xm/r+m and x /r-. 
0 

71 - l- I&] - qbl] d y  
s+2 Y s - 2 6  x o / r  Jmlr [,, s -1 -26  Y 

t h u s  

( 3 9 )  

where c1 i s  a c o n s t a n t  ( i . e . ,  f u n c t i o n  o f  s, 6 ,  xo and x m ) .  
T h i s  i s  o f  t h e  same form a s  ( 8 ) ,  w i t h  p - 1 = 1, or i n  t h e  
two-dimens iona l  c a s  e 

(141) 
-2 S1(o) 2 ( c o n s t . )  w (w-) 

T h i s  h e a v y - t a i l e d  s p e c t r a l  d e n s i t y  ( 4 1 )  i m p l i e s  
t h a t  t h e  s u r f a c e  i s  a l m o s t  un i formly  rough,  i n  t h e  s e n s e  t h a t  
local a 

ax, s l o p e s  - Z(x1,x2) do n o t  e x i s t  i n  mean s q u a r e ,  (where 
I 

(x , ,x , )  are t h e  C a r t e s i a n  c o o r d i n a t e s  o f  5, and i = 1,2). 
w i l l  now show t h a t  t h i s  roughness  i s  s i m p l y  a consequence o f  
t h e  c y l i n d r i c a l  c r a t e r  geometry.  

We 

6 . 0  PARABOLOIDAL CRATERS 

Some small f r e s h  c r a t e r s  on t h e  Moon show a rough ly  
c o n i c a l  s h a p e .  But t h e  most common geometry for a f r e s h  
c r a t e r ,  e s p e c i a l l y  t h o s e  l a r g e r  t h a n  1 0 0  m e t e r s  diameter ,  i s  
t h a t  of  a s p h e r i c a l  cap or a p a r a b o l o i d .  Some s c i e n t i s t s  p r e -  
f e r  t h e  s p h e r i c a l  cap ( t h e  d i f f e r e n c e  i n  any p r a c t i c a l  s e n s e  
i s  s l i g h t ) ,  b u t  f o r  a n a l y t i c a l  s i m p l i c i t y  w e  will use  t h e  
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Upon i n s e r t i n g  ( 4 2 )  i n t o  (21), we o b t a i n  

where 

x-r  

X 

du I ( u ; x - u ; r , x )  if 2 r < x  f 
- 1 + I  

2 2  / 

z-r % u -r 

The f u n c t i o n  I1 i s  d e f i n e d  by 

2 2  
( U  -V ) d v  

2 2  4 2 2  9 4 .  
+ -p- 1 + l u  -r 1 12x -8x r 
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2 4 5 2 2 + i r 4 ]  
+ a  G5? [ 3 ( u 2 - r 2 ]  t r 2 ( u 2 - I 2 )  + x - - 2 x r 

It i s  e v i d e n t  t h a t  i n  g e n e r a l ,  t h e  f u n c t i o n  I canno t  b e  
s i m i l a r l y  r e d u c e d  t o  e l emen ta ry  f u n c t i o n s .  T h e r e f o r e  an 

n o t  p o s s i b l e .  The f o l l o w i n g  m u l t i p l e  i n t e g r a l  f o r m u l a  may 
be u s e f u l  i n  n u m e r i c a l  c a l c u l a t i o n s  ( w e  omi t  t h e  c o m p l i c a t e d  
and t e d i o u s  r e d u c t i o n s )  : 

e x p l i c i t  e - j a l u a t i o a  of C ( T )  s u c h  as t h a t  i~  abl le 2 5 s  

I 
I 

where  

+ w m  ( y 4  - ; y2 + 4 )  

and 

The t r a n s f o r m e d  va r i ab le s  a r e  y = x/r and w = u/r. 
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I n  Figures 5-7 we s k e t c h  c ( r )  for 6 = 1  and s=2, 3, 4 .  

A s  b e f o r e ,  a n  a s y m p t o t i c  a n a l y s i s  of  ( 4 7 )  as l u o ,  
thus y + m ,  is v e r y  i n s t r u c t i v e .  We o m i t  t h e  s t r a i g h t f o r w a r d  
but l e n g t h y  c a l c u l a t i o n s  which lead t o :  

and  

t h u s  as r + o ,  if s # 2 + 26, s # 26 

if s = 2 + 2 6  

if s = 26 

where O ( x )  i s  any f u n c t i o n  f c r  which  l i m  C(x)/x = c o n s t a n t .  
x-to 
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We t h u s  have ( 8 )  w i t h  

v = 3  (54) 

which does n o t  depend on t h e  v a l u e  o f  s .  T h e r e f o r e ,  for 
l a r g e  w, t h e  s p e c t r a l  d e n s i t y S l ( w )  d e c r e a s e s  w i t h  i n c r e a s i n g  
w at l e a s t  as fas t  as 

1- -- --- 

( c o n s t . )  a-3 (55) 
f o r  a l l  v a l u e s  o f  t h e  pa rame te r s  s ,  6 .  T h i s  a p p e a r s  to 
d i s a g r e e  w i t h  Chernov ' s  r e s u l t .  

7 . 0  DISCUSSION OF RESULTS 

We have shown t h a t  for c r a t e r s  formed a t  random on 
a p l a n e  s u r f a c e  by p r imary  m e t e o r i t e  i m p a c t s ,  t h e  c o v a r i a n c e  
f u n c t i o n  o f  e l e v a t i o n s  c l o s e r  t h a n  t h e  minimum c r a t e r  d iameter>  i s  

( a )  l i n e a r  for c y l i n d r i c a l  c r a t e r s  

( b )  p a r a b o l i c  f o r  p a r a b o l o i d a l  c r a t e r s  

T h i s  i m p l i e s  t h a t  t h e  s u r f a c e  e l e v a t i o n  i s  a l m o s t  s u r e l y  d i s -  
c o n t i n u o u s  for c y l i n d r i c a l  c r a t e r s .  But f o r  p a r a b o l o i d a l  
c r a t e r s ,  t h e  s u r f a c e  i s  a l m o s t  s u r e l y  smooth i n  t h e  s e n s e  t h a t  
l o c a l  s l o p e s  e x i s t  i n  mean s q u a r e .  (The a u t h o r  c o n j e c t u r e s  
t h a t  any c r a t e r  shape  n o t  i n v o l v i n g  a d i s c o n t i n u i t y  would y i e l d  
a smooth s u r f a c e  i n  t h e  above s e n s e . )  The shape  o f  t h e  s h o r t -  
d i s t a n c e  c o r r e l a t i o n  does  not depend on t h e  i n d i c e s  s and 6 o f  
t h e  c r a t e r  f o r m a t i o n  model ,  b u t  does seem t o  r e f l e c t  (to some 
e x t e n t ,  anyway) t h e  c r a t e r  geometry.  T h i s  appears t o  d i s a g r e e  
w i t h  Chernov ' s  r e s u l t  ( 7 )  and (11). 

We must now i n q u i r e  whether  t h e  above a s y m p t o t i c  
a n a l y s i s  has any v a l i d  p h y s i c a l  u s e s .  The a s y m p t o t i c  r e s u l t s  
( 4 0 )  and (51)-(53) are meaningfu l  on ly  i f  r < xo. 
t hough  f r e s h  impact  c r a t e r s  smaller  t h a n  one meter i n  diameter  
do n o t  c o n t r i b u t e  s i g n i f i c a n t  r i m s  o r  e j e c t a  l a y e r s ,  t h e i r  
c r a t e r  bowls add s i g n i f i c a n t l y  t o  s u r f a c e  roughness .  The 
smallest  a c t u a l  c r a t e r  depends on t h e  s i z e  o f  t h e  smallest  
p a r t i c l e s  bombarding t h e  l u n a r  s u r f a c e ,  which i s  not w e l l  de- 
t e r m i n e d .  The t e r r e s t r i a l  s a t e l l i t e  da ta  o f  Naumann ( 1 9 6 6 )  
s u g g e s t s  t h a t  a minimum p a r t i c l e  mass o f  1 0  -13 t o  1 0  -'* grams 
may b e  a c c e p t a b l e ,  O t h e r  workers nave s u g g e s t e d  ( A l v a r e z ,  
p e r s o n a l  communicat ion,  March 2 0 ,  1 9 6 8 )  t h a t  t h e  data  may be  

c o m p a t i b l e  w i t h  a low-mass c u t o f f  a t  about  lo- '  grams.  

Even 

The 
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c o r r e s p o n d i n g  c r a t e r  diameters a r e ,  r e s p e c t i v e l y ,  a b o u t  
c e n t i m e t e r s  to c e n t i m e t e r s .  These s i z e s  a r e  n e g l i g i b l e  
f o r  s u r f a c e  m o b i l i t y  and r a d a r  astronomy a p p l i c a t i o n s .  

The t h e o r e t i c a l  power  added i n  r e p l a c i n g  xo > 0 by 

x = 0 i s ,  f o r  t h e  most p r o b a b l e  v a l u e s  o f  s ( i . e . ,  y), 

e s s e n t i a l l y  n e g l i g i b l e .  
0 

F i x i n g  xm = 1 0 0  and 6 = 1, we f i n d  
that  e ( = >  w i t h  xo = I I s  m l y  0.1% smallel- than c ( 0 j  W i i i l  

x = 0 when s = 2 . 5 ,  on ly  1.0% s m a l l e r  when s = 3 . 0 ,  and 1 0 %  

smaller when s = 3.5.  
smaller, s i n c e  t h e  l a r g e r  c r a t e r s  c o n t r i b u t e  most t o  t h e  
roughness  o f  t h e  s u r f a c e  f o r  s < 2 + 2 6 .  For p r a c t i c a l  p u r p o s e s  
t h e  a c t u a l  v a l u e  o f  xo i s  no t  t o o  i m p o r t a n t ,  and t h e  a s y m p t o t i c  
a n a l y s i s  l e a d i n g  t o  ( 4 0 )  and, (51)-(53) n o t  very  r e l e v a n t .  

0 
With l a r g e r  xm t h e  d i s c r e p a n c y  i s  even  

We must t h e r e f o r e  c o n s i d e r  t h e  b e h a v i o r  of c ( r )  for 
small and  modera te  v a l u e s  of r g r e a t e r  t h a n  xo. 
now t o  F i g u r e s  2-7, w e  see t h a t  f o r  e i t h e r  c y l i n d r i c a l  or para- 
b o l o i d a l  c r a t e r s ,  c ( r )  i s  roughly  

R e f e r r i n g  

(1) p a r a b o l i c  for s = 2 

( 2 )  l i n e a r  ( e x p o n e n t i a l )  f o r  s = 3 

( 3 )  " l o g a r i t h m i c "  f o r  s = 4 

G e n e r a l i z i n g  from these  numer i ca l  c a s e s ,  w e  conc lude  t h a t  t h e  
r e l a t i o n  ( 8 )  i s  j u s t i f i e d  f o r  small r > xo, w i t h  

p = 3 + 2 6 - s  ( 5 6 )  

which r e d u c e s  t o  Chernov ' s  Equat ion  (11) when 6=1, s=y, and 
Y , = 3 .  

However, we have c a r r i e d  o u t  o u r  a n a l y s i s  i n  a 
m a t h e m a t i c a l l y  comple t e ly  rigorous f a s h i o n ,  u s i n g  e i t h e r  t h e  
same p h y s i c a l  model as Chernov or a g e n e r a l i z a t i o n  of  h i s  
model.  The d i f f e r e n c e  i s  t h a t  w e  have worked i n  t h e  s p a c e  
damain u s i n g  p h y s i c a l l y  a c c u r a t e  d i s t a n c e  i n t e r a c t i o n s  for 
c r a t e r i n g  e v e n t s ;  whereas ,  Chernov worked i n  t h e  f r equency  
domain, w i t h  no a c c u r a t e  f requency  i n t e r p r e t a t i o n  o f  a s i n s l e  
c r a t e r i n g  e v e n t ,  and w i t h  c o a r s e  approx ima t ions  on t h e  number 
and  a m p l i t u d e  i n  t h e  f requency  domain of c r a t e r i n g  e v e n t s .  
We t h e r e f o r e  b e l i e v e  t h a t  our a n a l y s i s  i s  more n e a r l y  c o r r e c t  
and  s h o u l d  be  u s e d  i n  p r e f e r e n c e  t o  t h a t  o f  Chernov. 
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8 . 0  FUTURE PIiOBLEMS 

Some e x t e n s i o n s  of  t h e  model immedia te ly  s u g g e s t  
t h e m s e l v e s .  F i r s t  o f  a l l ,  we have n o t  c o n s i d e r e d  p o s i t i v e  
r e l i e f  f o r m a t i o n  such  as c r a t e r  r i m s  , e j e c t a  b l a n k e t s ,  b o u l d e r s  
and b l o c k s .  The l a t t e r  a r e  e s p e c i a l l y  i m p o r t a n t  a t  s i z e s  o f  a 
few me te r s  and s m a l l e r .  Veh ic l e  m o b i l i t y  s t u d i e s  p robab ly  de- 
mand s u c h  r e f i n e m e n t s .  

Secczd ly  , n a t e r i a l  e j e c t e d  frcn p r i x a r y  c r a t e r s  may 
i t s e l f  form secondary  c r a t e r s .  T h i s  can  b e  hand led  by  assuming 
t h a t  dN(x,R) i s  a f i r s t - o r d e r  c l u s t e r i n g  p r o c e s s  i n s t e a d  of a 
P o i s s o n  p r o c e s s  , b u t  t h e  r e s u l t i n g  c a l c u l a t i o n s  a re  enormously 
more complex t h a n  t h o s e  w e  have made i n  t h i s  p a p e r .  

I n  t h e  same v e i n ,  w e  c o u l d  u s e  t h e  known h i g h e r  mo- 
ment p r o p e r t i e s  of  t h e  p r o c e s s  dN(x,R) i n  t h e  c a s e  t h a t  over -  
l a p p i n g  of c r a t e r s  i s  i m p o r t a n t  (Marcus , 1966a,  1 9 6 6 ~ ) .  We 
c o n j e c t u r e  t h a t  t h e  n e g a t i v e  c o r r e l a t i o n  between t h e  numbers of  
l a r g e  c r a t e r s  and  s m a l l  c r a t e r s  i n  a h e a v i l y  c r a t e r e d  r e g i o n  
i n t r o d u c e s  some ( p r o b a b l y  small)  p e r i o d i c i t i e s  i n  t h e  c o v a r i a n c e  
f u n c t i o n .  

Another  f a c t o r  i s  t h e  e v o l u t i o n  o f  c r a t e r  shape  i n  
t i m e  as a consequence of e r o s i o n  by m i c r o m e t e o r i t e s ,  s lumping  
and mass movement, and f i l l i n g  by e j e c t a .  I n t e r n a l  p r o c e s s e s  
s u c h  as l a v a  f l o o d i n g ,  s u b s i d e n c e ,  i s o s t a t i c  r e a d j u s t m e n t ,  e t c .  , 
s h o u l d  a l s o  b e  i n c l u d e d .  

F i n a l l y ,  t h e  assumption ( 1 2 )  t h a t  c r a t e r  d e p t h s  a r e  
s t r i c t l y  a d d i t i v e  can  be improved. The e x t e n t  t o  which t h e  
s u r f a c e  a t  5 i s  d e c r e a s e d  by t h e  f o r m a t i o n  of  a c r a t e r  a t  t i m e  
t '  a t  p o i n t  5 + r depends on t h e  e l e v a t i o n  Z ( R + r ; t ' )  a t  t h e  
t i m e  and p l a c e  a t  which t h e  c r a t e r  i s  formed. -  Thus, i n s t e a d  o f  
(12), we r e a l l y  have 

Z ( R ; t )  = ~ ( x , r , ~ Z ( R + r ; t ' )  d N ( x , R + r , t ' )  (57) - -  - 5  - / 
where Z ( € ? ; t )  i s  t h e  e l e v a t i o n  o f  R a t  t i m e  t ,  z;(x,r ,AZ) i s  
t h e  e l e v a t i o n  change produced by t h e  f o r m a t i o n  o f  a c r a t e r  o f  
diameter  x a d i s t a n c e  r away when t h e  e l e v a t i o n  d i f f e r e n c e  a t  
t h e  two p o i n t s  a t  t h e  t i m e  of f o r m a t i o n  t '  i s  

A Z ( R + r ; t ' )  = Z ( f j + & ; t ' )  - Z ( R ; t ' )  ( 5 8 )  - -  
aii(-J dN(x ,5+c , t !  j is 4-1- .-..-Le-- L L l e  1 I U l l l u e l '  o f  cra te i -s  of d i a m e t e r  x t o  
x + dx formed i n  d ( R + r )  d u r i n g  t h e  t i m e  i n t e r v a l  ( t ' , t ' + d t ' )  
where t '  < t .  The s t o c h a s t i c  p r o c e s s  Z ( R ; t )  i s  obv ious ly  ve ry  
c o m p l i c a t e d  when s u c c e s s i v e  o v e r l a p s  become i m p o r t a n t .  

2015-AHM-kse A .  H .  Marcus 
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s = 2  

s = 3  

s = 4  

TABLE 1 

f -  
j -k y 2 -1 dy/y S-26+1 

s = l  

-- 

q 1  + - 1 arccos(l/y) - 
2y2 

7- -- .. - 
.I 8 2  

v y -1 - 2arcsin(l/y) 
T i  lrarcsin(l/y) - Y 2 Y 2 

4 I 8arcsin(l/y) 

Y 
- 



TABLE 2 

CYLINDRICAL CRATERS, 6 = 1 

s = 2  

l u  2 
\ “m - Y 21 

--0 

c 

t $ [arcsin(-) r - arcsin(-)# 
xO m~ x :  

A m K 
0 

m y  I f x  < r < x  
0 -  

A m 

2 1‘3. arcsin(r/xm) 
- r I - arccos(r/xm) + 

If r - > xm, 

+ r’ n 

L 
m 4x 

c(r) = 0 

4 
arcsin(r/xm) r 

2xm 
t- 2 



TABLE 2 

C Y L I 8 D R I C A L  C R A T E R S ,  6 = 1 

s = 3  

0' If o <  r < x - 

r - -  
9 

m y  If xo - < r < x 

. 
4 

+ g l o g [ x r n  + -v"x 2 - r q  j -t r l o g  r+ 3 r arcsin(r/xm) 
f 

m 
3'm 

If r 2 Xm' 

c ( r )  = 0 



TABLE 2 

CYLINDRICAL CRATERS, 6 = 1 

s = 4  

1 arcsin( r/xm) 1 
- -4; f 

‘m J 

m’ I f x  < r < x  
0 -  



F i g u r e  1 

CAPTIONS TO FIGURES 

H y p o t h e t i c a l  p r o f i l e  of t h e  development ( t o p  
t o  bot tom)  of a c r a t e r e d  s u r f a c e ,  showing s u p e r -  
p o s i t i o n  ( S )  and e r a s u r e  ( E )  o f  c r a t e r s  by  c r a t e r s  
formed l a t e r .  

F i g u r e s  2-4 C o r r e l a t i o n  f u n c t i o n  c(r)/c(o) of e l e v a t i o n s  a 
d i s t a n c e  r a p a r t  on a s u r f a c e  a l t e r e d  by c y l i n -  
d r i c a l  c r a t e r s ,  as a f u n c t i o n  of c r a t e r  p o p u l a t i o n  
i n d e x  S and maximum c r a t e r  d i a m e t e r  x m '  

F i g u r e s  5-7 C o r r e l a t i o n  f u n c t i o n  for p a r a b o l o i d a l  c r a t e r s  as 
a f u n c t i o n  o f  p o p u l a t i o n  i n d e x  S and maximum 
c r a t e r  d i a m e t e r  xm. 
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